Abstract. We prove some integral inequalities related to Feng Qi's inequality from [23] and obtain a few corollaries.
In the paper [23] , Feng Qi proved the following integral inequality: if f : [a, b] → R is n-times continuously differentiable such that f (i) (a) ≥ 0 for i = 0, . . . , n − 1 and f (n) (x) ≥ n! for all x ∈ [a, b], then
In the following years, many variants and generalisations of this inequality have been investigated (in particular, versions for real exponents). For a detailed account of the results that have already been established, the reader is referred to the list of references at the end of this paper and further references therein. Here we will prove some further inequalities related to Feng Qi's inequality and obtain a few corollaries which might be interesting. The basic methods of proof are the same as in [23] (exploiting the connection between a function's monotonicity behavior and the sign of its derivative, finite induction for a suitably defined set of auxiliary functions, etc.).
Since we will also be dealing with one-sided derivatives, let us introduce some notations and recall some facts, which will be used later without further mention. [29, p.358] ).
Finally, if h ∈ D + [a, b], I is an interval which contains the range of h and f : I → R is differentiable, then
for all x ∈ (a, b) (and analogously for functions in D − [a, b] ). This is proved in the same manner as the usual chain-rule.
A generalisation of Qi's inequality
The first result is a generalisation of (1) to a setting where several weight functions and an additional exponent α are involved.
. . h n n . Suppose that there exists a partition of {1, . . . , n} into two disjoint subsets I and J such that the following conditions hold:
is decreasing for all k = 1, . . . , n − 1, where J k denotes the set {j ∈ J : j ≥ k + 1}.
is increasing for k = 0, . . . , n − 2, where J k denotes the set {j ∈ J : j ≤ k + 1}.
Note that the conditions (ii) and (iii) are satisfied in particular if h 1 h 2 2 . . . h n n is decreasing and h j is increasing and strictly positive for each j ∈ J. Note further that the above inequality not only generalises Qi's inequality, but it also sharpens the trivial estimate
(the case of left-derivatives is treated analogously).
We first define the function F by setting
Then F is differentiable with
(2) Next we define
and claim that
To see this, note that assumption (i) implies
Combining this with (2) we obtain
which can be easily simplified to (3) . We denote by ϕ the characteristic function of J in {1, . . . , n}, i. e. ϕ(i) = 1 for i ∈ J and ϕ(i) = 0 for i ∈ I, and for each k ∈ {1, . . . , n − 1} we define
We will show inductively that H k ≤ 0 for all k ∈ {1, . . . , n − 1}. For k = 1 we have
, which is negative by assumption. Now suppose that k ∈ {1, . . . , n − 2} and H k ≤ 0. The function H k+1 belongs to D + [a, b] and satisfies
for each x ∈ (a, b). By our assumption on f we have f ′ ≥ 0 and
We also have
because of (ii). Furthermore, the assumption α ≤ n n−1 ensures that n + 1 > α and n(1 − α) + kα ≥ 0. It follows that, for all x ∈ (a, b),
Thus H k+1 is decreasing and hence
which finishes the induction.
Now we define
Then H ∈ D + [a, b] and similar to the induction step above one can show that
Since H n−1 ≤ 0 it follows that H is decreasing and hence
. Also, from the definition G one can easily see that
. Together with (3) we obtain
Furthermore, it is easily checked that
Also, f is increasing (since f ′ ≥ 0) and hence f α is increasing for α ≥ 0 and decreasing for α < 0. Thus we get
By the mean value theorem this implies
, which is the desired inequality.
Let us explicitly note the following special case of Proposition 1.
, g is continuous, p is decreasing and h and gp are increasing. Suppose further that n ∈ N, n ≥ 2, and f is a strictly positive,
Proof. Put h 1 := h, h ν := p and h i := 1 for i ∈ {2, . . . , n} \ {ν} as well as I := {ν}, J := {1, . . . , n} \ I and apply Proposition 1.
This yields in particular the following Corollaries.
and K is defined as before.
Proof. Put c := ((n + 1 − α)A/n!) −1/(n(1−α)+1) and apply Corollary 2 to the function cf (with h = p = 1). 
where K is defined as above and
Proof. Set p := 1, h := (n + 1 − α)C n(1−α) f (n−1) /n! and ν := 2 and apply Corollary 2.
Corollary 5. Let f be a strictly positive, n-times differentiable function on
where K and C are defined as in the previous Corollary.
Proof. Put p(t) := ((n + 1− α)C n(1−α) f (n−1) (t)/n!) 1/n for t ∈ [a, b], g := 1/p and ν := n and apply Corollary 2. 
Proof. Put h := (n + 1 − α)f (n−1) f n(1−α) /n!, p := 1 and ν := 2 and apply Corollary 2.
An integral inequality for 1/f
Proposition 1 already provides a Qi-type integral inequality for 1/f (consider the case α = −1). The next result is another inequality in the spirit of (1) for 1/f . If n ∈ N and f n+1 (a)(f ′ (a)) n h(a) ≥ n!/(n + 1) n−1 , then
Note that the conditions f ′ ≥ 0 and f ′′ ≥ 0 just mean that f is increasing and convex.
Proof. Let h ∈ D + [a, b] (the other case is completely analogous). We define
and G(x) := (n + 1)
and claim that To see this first note that
Since g is increasing we have
Combining this with (5) gives (4).
We further have G ∈ D + [a, b] and
Since h is increasing we have h ′ + ≥ 0 and hence
Next we define functions
We will show inductively that H k ≤ 0 for all k = 1, . . . , n. First note that H 1 = n! − (n + 1) n−1 f n+1 (f ′ ) n h and by our assumptions h, f and f ′ are increasing functions, thus H 1 is decreasing. Hence H 1 ≤ H 1 (a) and again by assumption we have H 1 (a) ≤ 0. Now suppose that 1 ≤ k < n and H k ≤ 0. We have
Since f ′ and h are increasing, it follows that
and hence H k+1 ≤ H k+1 (a) ≤ 0. So in particular H n ≤ 0 and from (6) it follows that G ′ + ≤ (n + 1)H n /f . Thus G ′ + ≤ 0 and consequently, G ≤ G(a) = −f n+1 (a)h(a). Using (4) and the fact that g is increasing and 1/f decreasing, we obtain F ′ ≤ −f n+1 (a)g n+1 (a)h(a)/f (b). The mean value theorem now implies
, which is equivalent to the desired inequality.
Let us now collect some corollaries to the above result. 
Proof. For a given n ∈ N, put c :
and apply Proposition 7 to the functions cf and g (and h := 1).
Corollary 9.
If f and g are as in the previous corollary, then
Proof. Since f and g are increasing, we have
The righthand side of this inequality converges to f (b)g(b) for n → ∞, thus lim sup
.
Corollary 8 further implies that
for each n ∈ N. Using the well-known limits lim n→∞ n √ n = 1 and lim n→∞ n/ n √ n! = e, we obtain
It follows that
In fact, the inequality 
For the proof we need the following Lemma (which is surely well-known, but the author was unable to find a reference).
Lemma 11. For every x > 0 we have x e ≤ e x . Equality holds if and only if x = e.
Proof. Put h(x) := x − e log(x) for x > 0. Then h ′ (x) = 1 − e/x and hence h ′ (x) > 0 for x > e and h ′ (x) < 0 for x < e. Thus h is strictly increasing on [e, ∞) and strictly decreaisng on (0, e]. This implies h(x) > h(e) = 0 for all x > 0 with x = e, which implies the claimed inequality.
Proof. (of Lemma 10) The monotonicity of g and f ′ implies
and Lemma 11 implies
which concludes the proof.
Next we will derive three more corollaries concerning the logarithm of a function f .
Corollary 12.
Let f be as in Corollary 8 and n ∈ N. Then we have
Proof. We apply Corollary 8 with
Combining these two estimates and simplifying a little finishes the proof.
Corollary 13. Let f be as in Corollary 8 and assume in addition that log(f ) is convex. Then we have for each
Proof. Since log(f ) is convex, the derivative (log(f )) ′ = f ′ /f is increasing. Thus we can apply Corollary 8 with
Since f ′ is increasing we can estimate
Combining the two estimates and multiplying by (f (a)) n+1 gives the desired inequality.
Applying Lemma 10 to g := f ′ /f also yields the following result.
is a strictly positive function with a strictly positive derivative such that log(f ) is convex, then
Further variants of Qi's inequality
In the last section of this paper, we present some other variants of Qi's inequality (1). We start with some results in which we have the same exponent n for the integral and the function f .
be a strictly positive, increasing function and let α ∈ (n, ∞).
Proof. The proof is similar to the previous ones. Again we assume that
and show as before that
Next, using the fact that g ′ + ≥ 0 and α > n, we obtain
If n = 2 this implies
, which by assumption is nonpositive. Thus we obtain G ≤ G(a) = −f (a)g α−2 (a). Now consider the case n ≥ 3. We define functions H 1 , . . . , H n−2 on [a, b] by
We will show that H k ≤ 0 for k = 1, . . . , n − 2. First, we have (H 1 ) ′ + = f n!/(n − 1) − f (n−1) g α−n − f (n−2) (α − n)g α−n−1 g ′ + . Since f (n−2) , g ′ + ≥ 0 and α > n this implies (H 1 ) ′ + ≤ f n!/(n − 1) − f (n−1) g α−n , and thus by our assumption on f and g we have (H 1 ) ′ + ≤ 0. Hence H 1 ≤ H 1 (a) ≤ 0. Now suppose that H k ≤ 0 for some k ≤ n − 3. We have
Hence H k+1 ≤ H k+1 (a) ≤ 0. It follows from (9) that G ′ + ≤ (n − 1)f H n−2 ≤ 0 and thus G ≤ G(a) = −f n−1 (a)g α−n (a). Using this together with (8) and the fact that f and g are increasing we obtain F ′ ≤ −f n (a)g α (a). The mean value theorem therefore implies F (b) = F (b) − F (a) ≤ −(b − a)f n (a)g α (a), finishing the proof.
This yields the following corollary.
Using similar arguments as before we obtain that G ′ + ≤ nf hH 1 and (H s ) ′ + ≤ f hH s+1 for all s. We further have, due to the monotonicity of f and h, H k (x) ≤ f n−k−1 (x)h n−k−2 (x) (n − 1)! (n − k − 1)! (x − a) n−k−1 h(x) − f (k) (x) .
Hence our assumption implies H k ≤ 0. It follows inductively that H s ≤ 0 for all s. Hence G ′ + ≤ 0 and thus G ≤ G(a) = −f n (a)h n−2 (a). This implies F ′ ≤ −f n+1 (a)g n (a)h n−2 (a) and the mean value theorem gives us the desired conclusion.
